Inequality decomposition by factor components is extended to the Mehran and Piesch indices, comparing them with the decomposition of the Gini index, the squared coefficient of variation and the Theil's T coefficient. The decompo sition procedure is applied to the distribution of per capita household income in Brazil in 1999, considering six components: earnings of civil servants and mili tary personnel, earnings of other employees, earnings of self-employed workers, earnings of employers, pensions and, finally, all other incomes. One of the re sults is that for all the five measures used, the concentration ratio of pensions is higher than the overall index of inequality, indicating that this component is contributing to the increase in income inequality.
Introduction.
One may be interested in decomposing measures of income in equality by population subgroups such as those defined by sex, re gions of a country, age or schooling levels. This is, indeed, the most common type of inequality decomposition in the literature about in come distribution, with Theil's T and L inequality measures being the preferred ones for this objective. In this case, the Gini index is not convenient because its decomposition produces not only terms related to between-and within-group inequality, but also a third component related to the overlapping of the income distributions of the population subgroups.
One different type of decomposition must be used when one wishes to assess the contribution of components of individual in come, such as labor income or pensions, to overall inequality. In this case, the Gini index is the most commonly used inequality mea sure. The decomposition of the Gini index by factor components was analyzed by Pyatt, Chen & Fey (1980) , showing its relations with concentration curves. The squared coefficient of variation is also fre quently used for this purpose. Shorrocks ( 1983) also uses Theil's T decomposition. Shorrocks (1982) makes a severe critique of the possibility of measuring the contribution of factor components to overall inequal ity. The paper indicates that the best measure for this purpose is the squared coefficient of variation. But this inequality measure is very sensitive to changes in the upper tail of the income distribution. If we want to use a caricature, we may say that the squared coefficient of variation is the appropriate measure of inequality in a study of the demand for yachts, which would be affected by income transfers from the rich to the extremely rich. Therefore, it is very inconvenient to limit the inequality decomposition by factor components to the squared coefficient of variation.
In this paper we show that the decomposition of the Cini in dex by factor components can be readily extended to the Mehran and Piesch indices. The decomposition of these 3 measures is then compared to the decomposition of Theil's T index and the squared coefficient of variation. Data about the per capita household income in Brazil are used to illustrate the decomposition of all five inequality measures, showing that the results are coherent and informative 2. Inequality measures and their decomposition.
Consider that Yi is the income of a person in a population with n people and assume that income has k components: 
n i=l
Note that in the Mehran index the difference between the ordi nate of the line of perfect equality and the ordinate of the Lorenz curve is weighted by 1-Pi, making this index relatively more sensi tive to changes in the lower end of the distribution, when compared to the Gini index. In the Piesch index the weighting factor is Pi, making it relatively more sensitive to changes in the upper end of the distribution. The Gini and Mehran indices are particular cases of the extended Gini coefficient introduced by Yitzhaki (1983) But we will analyze here two additional measures of inequality: Theil's T coefficient (T) and the squared coefficient of variation (Q):
(9) Pyatt, Chen and Fei (1980) 
The points of coordinates Pi, if> hi define the concentration curve of the ht h component. It can be observed that the ordinate of the Lorenz curve is a weighted average of the ordinates of the concentra tion curves of the k components:
Pyatt, Chen and Fei define the concentration ratio' of one com ponent as twice the area between the line of perfect equality and the concentration curve, considering the sign of Pi -if> hi , and demon strate that this ratio is a function of the covariance between Yhi and the order position i:
It can be verified that the Gini index of the distribution is the "concentration ratio" of income Yi 2 .
We intentionally included a G subscript in the symbol of the concentration ratio in (12), since we will later define "concentration ratios" associated with other inequality measures. The concentration ratios may be obtained also through an expression analogous to (5) :
With Yhi :2: 0, we have 1 1 -1 + -:::: G ah :::: 1 --
It can be demonstrated that
This decomposition of the Gini index is carefully analyzed by Pyatt, Chen and Fei (1980) . Note, in expression (16) , that in case all concentration ratios G ah had the same value, this would be, also, the value of G. Thus, it is reasonable to conclude that a component Yhi contributes to the increase in inequality (as measured by the Gini index) when GG h > G.
Using the weighting factors (1 -Pi) of the Mehran index we can define "concentration ratios" corresponding to that inequality measure:
Analogously, the "concentration ratios" associated with the Piesch index are given by
(IS)
It is easy to verify that (19) and (20) We have, thus, a decomposition of the Mehran index and the Piesch index analogous to the decomposition of the Gini index.
For the squared coefficient of variation, we define 1 1
It can be verified that
This decomposition of Q corresponds to the "natural" decom position of the variance analyzed by Shorrocks (1982) . It is better to consider the decomposition of the squared coefficient of variation because variance is a measure of dispersion and strictly it is not an inequality measure.
The "natural" decomposition of Theil's T index is (23) where
Beginning with a set of assumptions, Shorrocks has tried to de duce a decomposition rule of inequality measures according to the components of income. He has shown that the definition of the de composition rule is to a large extent arbitrary. Any index may be decomposed in such a way that the contribution of a given component to inequality is equal to the contribution in the natural decomposi tion of any other index. He then adds the assumption that, in case income consists of two components only, and one of the components is a permutation of the other one, the contribution of each compo nent to inequality will be the same. He shows that only decomposi tions that bring the same result as the natural decomposition of the squared coefficient of variation are coherent with such an assumption (assumption number 6 in Shorrocks).
It is not reasonable, however, to limit this type of decomposition to the results obtained through the decomposition of Q. Moreover, since the coefficient of variation is very sensitive to changes in the upper end of the distribution ( see Hoffmann, 1998 , chapter 7), it is not even reasonable to give preference to the decomposition of Q, instead of the results obtained through the decomposition of the Gini index. This means that we do not accept assumption 6, presented by Shorrocks (1982) , as necessary.
A numerical example will help understand the problem. Table 1 presents numbers for the two components and the total income of a fictitious population of only 5 people. Note that the values of Y2 are a permutation of the values of Yl. Table 2 shows, for this fi ctitious distribution, the value of the following indices: Girri (G), Mehran ( M), Piesch (P), Theil's T (T) and the squared coefficient of variation (Q). It also shows the corre sponding "concentration ratios" for each component. (1) Percentage contribution of the first component to inequality.
As demonstrated by Shorrocks (1982) , for the squared coefficient of variation each component contributes exactly 50% to inequality. The first component takes its highest value for the richest person (y = 36) and that is essentially the reason why the respective con centration curve defines a larger surface below the line of perfect inequality, thus making its contribution to the Gini index equal to 60%. For the Piesch index, where the weighting is higher in the up per end of the distribution, the contribution of the first component to inequality reaches 66.1%.
To stress how the behavior of Theil's T is different, let us take the case of an income that has two components, the first of which has the same value for all the persons in the population. For indices G, M, P and Q, the "concentration ratio" of this first component is zero, which means that this component does not contribute to inequality.
However, when we decompose Theil's T we get, in this example, GTl equal to the negative of Theil's L of the distribution of Y 2 , that is, the contribution of this component is negative, whenever there is some variation in the value of the other component. The contribution of this other component will then be higher than 100%. Shorrocks suggests that such a result correctly reflects the "equalizing" effect of the constant component. But for someone used to the decomposition of the Gini index such a result seems strange, because GGh becomes negative only if the respective concentration curve is located above the line of perfect equality, that is, if the values of the component are larger for the relatively poor.
Let us examine the fictitious distribution presented in Table 3 . In this fictitious example each component represents half of the total income. Both components grow monotonically, although it is obvious that there is more inequality in the second component. The contribution of the first component to inequality is 21.9% with the squared coefficient of variation, 27.6% with the Gini index, 30.5% with the Mehran index, 25.3% with the Piesch index and it is virtu ally null (-0.25%) in the decomposition of Theil's T.
The fact that the concentration ratios in the Gini, Mehran and Piesch indices are directly related to the position of the concentration curves certainly simplifies the interpretation of the decomposition of these indices. It would be advisable to jointly use those three indices, given the different weightings along the distribution. But one should not dismiss the decomposition of Q or T. And it should not be forgotten that with the decomposition of T it is easier that the contribution of one component happens to be negative (thus increasing the contribution of the remaining components).
3. Decomposition of inequality in Brazil in 1999.
Next, we examine the contribution of several components of household income to inequality in the distribution of the per capita household income in Brazil, according to data from the Brazilian Na tional Sample Survey of Households of 1999 (which will be referred to as PNAD-Pesquisa Nacional por Amostra de Domicilios).
The Brazilian Institute of Geography and Statistics "considered as monthly household income the sum of monthly incomes of those living in the same household, excluding paid guests, domestic ser vants and family members of domestic servants" (IBGE, 2000) . The per capita household income was obtained by dividing the monthly household income by the number of persons in the household (ex cluding paid guests, domestic servants and their family members).
We analyzed only private permanent households who declared a household income, namely, a sample of 91,574 households, cor responding to 41,861,683 households in the population, with 155.6 million people in the categories included.
One should keep in mind the limitations of the data on income obtained through the PNAD questionnaire. The total declared in come considerably underestimates the national income. The main reason for this is the tendency in households to avoid declaring all their income, resulting in understatement, in particular amongst the highest incomes. But one should remember that the PNAD does not capture the value of production for self-consumption. It is very diffi cult to establish with precision what the incomes of rural producers are, and income from capital is particularly understated.
It should be noted, as well, that "income from work" , for IBGE, is the income gained in any activity undertaken (and declared) by the individual, and is not limited to wages. Income from work includes not only the income of employees, but also the income of own-account (self-employed) workers and employers.
Finally, we should recall that the PNAD does not collect data in the rural area of the former North region (states of Rondonia, Acre, Amazonas, Roraima, Para and Amapa).
In an analysis of the decomposition of income inequality by fac tor components, the type of decomposition of individual incomes must be chosen according to the objectives of the research. In a previous paper (Hoffmann, 2003) whose main objective was to show the participation of pensions in the decomposition of the Gini index in Brazil, the following income components were considered: earn ings from main occupation, earnings from other occupations, pen sions, donations, rents and a residual component including interest, dividends and other incomes. Here we want to verify whether the conclusion of that paper about the contribution of pensions to in come inequality in Brazil is robust in relation to the choice of the inequality measure. Therefore, pensions are maintained as a compo nent. The "earnings" part of income will be divided into four parts, according to the type of the person's main occupation: military and civil servants, other employees, self-employed and employers. Thus, household income will be divided into six components: Tables 4 and 5 show the main results for Brazil as a whole. In come from work of employees3 represents 38.6% of the total income. The next main components are income from own-account activity (self-employed) and from pensions, each with an 18% share. The earnings of employers represent 12% of the total income, and the wages of civil servants and the military constitute 10.2% of the total income (0.7% for the military and 9.5% for civil servants). Again, a reminder: these percentages are affected by differences in the degree in which those types of incomes are understated. components.
3 In this text "employees" mean always "employees who are neither civil servants nor militari ' .
When including civil servants and military I will use the expression "aU employees" . All five decompositions indicate that only components EMP (em ployees) and SLF (self-employed) contribute to a reduction in overall inequality, as their "concentration ratios" are lower than the overall inequality measure, and thus their percentage contribution to total inequality is lower than their share in total income.
The highest "concentration ratio" is always associated with the income of employers. As expected, the corresponding concentra tion curve remains low for relatively poor households and increases rapidly only when we reach the richest 10%. Nevertheless, for in dices G, M and P the largest contribution to total inequality comes from the earnings of employees, because this component represents a much higher share of total income.
For indices G, M and P, the second place in a decreasing rank ing of the concentration ratios is occupied by the income of civil servants and military. This type of income is positive (non-null) in only 10.3% of the households and the Gini index of the distribution of these positive values is 0.565. The fact that the corresponding concentration ratio is far higher ( CG = 0.733) reflects the relatively privileged position in the distribution of per capita family income enjoyed by many of the Brazilian civil servants and military. It can be verified that the households with a monthly per capita income above R$ 300 (in 1999) represent 26.1% of all households, are home to 21.3% of all persons, receive 65.0% of all income, 77.0% of all military earnings and 79.1% of all civil servants' earnings.
Aggregating the two employee categories, their earnings share in total income is 0.488 and the corresponding concentration ratio for the Gini index can be calculated as a weighted average:
In a similar way we can compute the concentration ratios for all employees earnings for the other measures of inequality: CQ = 2.223, C T = 0.533, C M = 0.693 and Cp = 0.474. Notice that these concen tration ratios are substantially lower than both the corresponding index of inequality and the concentration ratio for pensions.
When we aggregate the earnings of all employees and of self employed workers, their share in total income is 66.5% and their contribution to total inequality is around 60% for the Gini, Mehran and Piesch indices.
By aggregating all earnings (including employers' earnings), the share in total income reaches 78.5% and the contribution to total inequality ranges from 75% to 78%. It must be remembered that this contribution is overestimated due to the stronger understatement of income from rents, interest and dividends.
In all five decompositions the "concentration ratio" of pensions is higher than the overall inequality measure, indicating that these incomes are contributing to the increase in inequality4. The share of the contribution of pensions to total inequality is always slightly over 18%; it is the second largest contribution amongst the 6 components in the case of indices G and M, and is the third largest contribution in indices Q, T and P.
The concentration ratio of CSM is always higher than the con centration ratio for pensions. However, as shown before, when we aggregate the earnings of all employees, the corresponding concentra tion ratio is always lower than the concentration ratio for pensions.
In our "residual" component RDI, the PNAD data allow us to distinguish income from rents (with 'Ph = 0.022 and GGh = 0.803), donations from other households ( 'Ph = 0.007 and GGh = 0.354) and interest, dividends, etc. ( 'Ph = 0.008 and GGh = 0.695). The latter component includes some government income transfers to the poor that causes it to be less concentrated in rich households. As expected, rents are highly concentrated and donations from other households have a much lower (but still positive) concentration ratio. Tables 6 and 7 show the decomposition of inequality III the Northeast region of Brazil, using the same 6 components of per capita household income. The two lowest "concentration ratios" are always associated with the earnings of employees (EMP) and self-employed workers (SLF). Nevertheless, due to the fact that component EMP (wages of employees) represents 31.6% of the total income, its per centage contribution to total inequality is the highest amongst the 6 components in the case of indices G, M and P.
Pensions of retirees, disabled, etc. (PEN) represent 21.4% of the total income in the Northeast. The contribution of this component to total inequality is always equal to or higher than its share in comparable with those presented in this paper, but it may be relevant to note that he obtained a negative concentration ratio for pensions in the decomposition of the Gini index, Theil's T and the squared coefficient of variation.
total income. For all the inequality measures examined here, the contribution of PEN to total inequality is the second largest amongst the 6 components examined. It is interesting to compare the metropolitan regions of Rio de Janeiro and of Sao Paulo, as they present remarkable differences in the contribution of the analyzed components. Results of the decom position for the 5 inequality measures are presented in Tables 8 to  11 .
In the metropolitan region of Rio de Janeiro the share of pensions (PEN) in total income reaches 25.5% and its contribution to total inequality is the largest of all six components in the decomposition of Theil's T and of the Piesch index. For the Cini and Mehran indices the largest contribution to inequality derives from the earnings of employees, but the contribution of pensions is just slightly lower.
In the metropolitan region of Sao Paulo the share of pensions is 13.1%, a little more than half of the corresponding value in the metropolitan region of Rio de Janeiro. In Sao Paulo the contribu tion of PEN to total inequality is always in the 4t h place, below the contribution of the earnings of employees (EMP), self-employed workers (SLF) and employers (YER). For indices G, M and P the largest contribution derives from EMP and for measures Q and T, the highest contribution comes from employers (YER). Table 8 . Brazil, Metropolitan Region of Rio de Janeiro, 1999. Division of per capita household income into 6 components: average value, share in total income and decomposition of the squared coefficient of variation (Q) and of Theil's T (T). Once again, one should keep in mind the limitations of the data on incomes obtained through the PNAD. It is estimated that, on average, declared income is around 60% of its true value. However, the degree of understatement can vary considerably according to the type of income. It is very likely that understatement is lower in case of wage earners, particularly regular civil servants. Pensions are likely to be less understated than the income of employers or self-employed. The proportion of understatement is probably even higher for rents, interest and dividends. Thus, the analysis presented above could be overestimating the contribution of the salaries of civil servants and of pensions to overall inequality in the distribution of income in Brazil. At any rate, the results we obtained are relevant. The same types of data, with all their limitations, are used to show that Brazil is amongst the countries with the highest degree of income inequality.
4. Concluding remarks.
The decomposition of the Gini index according to components of total income can easily be extended to the Mehran and Piesch indices. The interpretation of the decomposition of these three in equality measures is made easy because of its direct relationship with the position of the concentration curves. The joint use of these three indices may be useful for detecting whether differences in the decomposition of inequality in two distributions are more linked to changes in the central part of the distribution (Gini index), in the upper end of the distribution (Piesch index) or in the lower end of the distribution (Mehran index).
It is true, as noted by Shorrocks (1982) , that the choice of the method of decomposition is to a large extent arbitrary. However, we obtained rather coherent results as we used five inequality measures (including the squared coefficient of variation and Theil's T) to ana lyze the decomposition of inequality in the distribution of per capita household incomes in Brazil according to six components of income. When significant numerical differences arise, they can be explained by taking into account the difference in the properties of the various inequality measures. Thus, the decomposition of the squared coeffi cient of variation, a measure particularly sensitive to changes in the upper end of the distribution, shows that the largest contribution to inequality comes from the earnings of employers ( Table 4) . On the other hand, the Gini index indicates that the largest contribution comes from the earnings of private sector employees (Table 5) . And there are also cases of "unanimity": all indices show that the contri bution of pensions to inequality is somewhat higher than its share in total income, which is 17.8%. Two copies of the manuscript should not have the author's name indicated 0 revealed in any manner. The manuscripts must be accompanied by a submissiOl letter and be written in English or Portuguese. Submission of a paper is hel, to imply its contents represent original and unpublished work, and that it ha; not been submitted elsewhere. Manuscripts are always refereed and may b. rejected, returned for specifi ed revisions or accepted.
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